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(3.13.10)	Ifa= lim xn> then a = lim xn]ffor any subsequence of(xn).
Let (xn) be an infinite sequence of points in a metric space E; a point
b 6 E is said to be a cluster value of the sequence (xn) if there exists a sub-
sequence (xnk) such that b = lim xnk.
k-»oo
A cluster value of a subsequence of a sequence (xn) is also a cluster value
of (xn). If (xn) has a limit a, a is the unique cluster value of (xn), as follows
from (3.13.10); the converse does not hold in general: for instance, the
sequence (xn) of real numbers such that x2n = l/n and x2n+i = n (n ^ 1) has
0 as a unique cluster value, but does not converge to 0 (see however (3.16.4))
(3.13.11)	In order that beE should be a cluster value of (jtn), a necessary
and sufficient condition is that, for any neighborhood Vofb and any integer m,
there exist an integer n^m such that xn e V.
The condition is obviously necessary. Conversely, suppose it is satisfied,
and define the subsequence (xnj) by the following condition: n0 — 1 and nk is
the smallest integer >nk^.l and such that d(b, xnk) < l/k. As d(xnk, b) < l/h
for any k^h, the subsequence (xni) converges to b.
\
(3.13.12)	If b is a cluster value of(xn) in E, and if the mapping gofE into E'
is continuous at b, then g(b) is a cluster value of the sequence (g(xn)).
Clear from the definition and (3.13.6).
From (3.13.7) it follows that if b is a cluster value (and a fortiori a limit)
of a sequence of points xn belonging to a subset A of E, then b e A. Conversely:
(3.13.13)	For any point aeA, there is a sequence (xn) of points of A such
that a = lim xn.
W-KDO
For by assumption, the set A n B(a; l/ri) is not empty, hence (by the
axiom of choice (1.4.5)) for each n, there is an xn e A n B(a; 1/w), and the
sequence (xn) converges to a by (3.13.9).
(3.13.14)	Let f be a mapping of A c E into a metric space E' and a eA.
In order that f have a limit a' e E' with respect to A at the point a, a necessary
and sufficient condition is that, for every sequence (xn) of points of A such
that a = lim xn, then a' = lim f(xn).

